A number of new extremal self-dual codes of length 66 having weight enumerators for which extremal self-dual codes were not previously known to exist, are constructed.
Introduction
A (binary) [n, k] code C is a k-dimensional vector subspace of F n 2 , where F 2 is the field of two elements. An [n, k, d] code is an [n, k] code with minimum weight d. A code C is self-dual if C = C ⊥ where C ⊥ is the dual code of C. A self-dual code C is doubly-even if all codewords of C have weight divisible by four, and singly-even if there is at least one codeword of weight ≡ 2 (mod 4). Note that a doubly-even self-dual code of length n exists if and only if n is divisible by eight. An automorphism of C is a permutation of the coordinates of C which preserves C. The set consisting of all automorphisms of C forms a group called the automorphism group of C.
A singly-even self-dual code is called extremal if it has the largest minimum weight among all singly-even self-dual codes of that length. Conway and Sloane [1] proved a new upper bound for the minimum weight of singly-even self-dual codes and gave a list of the possible weight enumerators of extremal singly-even self-dual codes for lengths n ≤ 64 and length 72. Their work was extended to lengths up to 100 in [3] . Much work has been done concerning construction of extremal singly-even self-dual codes (see e.g., [1] , [2] , [3] , [4] , [8] , [9] , [10] , [11] , [14] and the references given therein). The largest minimum weight among self-dual code of length 66 is 12 
Construction I
Let G 0 = ( I n , A ) be a generator matrix of a self-dual code of length 2n, where I n denotes the identity matrix of order n. Let (x 1 , x 2 , . . . , x n ) be a vector of length n and odd (resp. even) weight if n is even (resp. odd). Then the following matrix
, generates a self-dual code C of length 2n + 2 [5] . In this section, we construct new extremal self-dual codes of length 66 using this construction method.
A code having a generator matrix of the form ( I n , R ) is called (pure) double circulant, where R is an n × n circulant matrix. It was shown in [4] that there exist exactly two extremal double circulant singly-even self-dual [64, 32, 12] codes, up to equivalence. These codes have generator matrices M 1 and M 2 with the following first rows for R (00010111110111000111111111100011) and (00000001000101001010011111000111), respectively. Recently an extremal singly-even self-dual [64, 32, 12] code has been found in [10] . A generator matrix of the form ( I , A ) of the code is given in [10] and we denote the matrix A by M 3 .
By the above method, from M 1 , M 2 and M 3 , we have found new extremal self-dual [66, 33, 12] codes having weight enumerators for which extremal self-dual codes were not previously known to exist, where the results are listed in Table 1 . In the table, we list the used generator matrices G 0 , the vectors x = (x 1 , x 2 , . . . , x 32 ), the weight enumerators W and the orders |Aut| of the automorphism groups for the new codes. The automorphism groups are calculated by Magma. 
Construction II
In this section, we investigate extremal self-dual [66, 33, 12] codes with an automorphism of order 7 using the technique developed by Huffman [6] and Yorgov [13] . Extremal singly-even self-dual codes of lengths 42, 50, 52, 54 and 60, 64 with automorphisms of order 7 have been investigated in [14] , [8] , [9] , [11] and [2] , respectively. In this section, we extend the work to length 66.
Suppose that σ is an automorphism of order 7 of an extremal self-dual (1)
where X is a 6 × 66 matrix generating the fixed subcode F σ (D) under σ of D and O is the 27 × 3 zero-matrix. Note that Z has the following form:
where the cells r i , k i , for i = 0, . . . , 20, are 3 × 7 (right) circulant matrices with first rows corresponding to polynomials in F 2 [x]/(x 7 − 1) and where the blanks are equal to the zero. We have found many matrices of the form (1) which generate extremal self-dual [66, 33, 12] codes. Here we present 11 codes D i , (i = 1, 2, . . . , 11), with weight enumerators for which extremal self-dual codes were not previously known to exist. For each code D i , we denote the matrices X and Z in the generator matrices (1) by X i and Z i , respectively. In Tables 2 and 3 , we give the matrices X i and the cells of Z i , respectively. In Table 2 , a is the all-one vector of length 7 and the blanks are zero's, and in Table 3 u i for i = 0, . . . , 6 and v i for i = 0, . . . , 6, are 3 × 7 (right) circulant matrices with first rows 1110100, 0111010, 0011101, 1001110, 0100111, 1010011, 1101001, 1001011, 1100101, 1110010, 0111001, 1011100, 0101110 and 0010111 respectively, whereas the cell 0 denotes the 3 × 7 zero-matrix.
For the 11 codes D i , we list the weight enumerators W and the orders |Aut| of the automorphism groups in Table 4 . Note that an extremal self-dual code with weight enumerator W 1 (α = 66) is also found. Since the double circulant code with the same weight enumerator in [4] has no automorphism of order 7, the codes are inequivalent. 
Construction III
Two self-dual codes C and C ′ of length n are called neighbors if the dimension of C ∩ C ′ is n/2 − 1. Let v ∈ F 66 2 be a vector of even weight and let C be a self-dual code of length 66. For v and C (v ∈ C), we define N (v, C) as follows:
Then it is well known that N (v, C) is a self-dual code which is a neighbor of C.
As described in Section 1,the code D16 in [1] is an extremal self-dual double circulant code with generator matrix ( I 33 , R ) where R is the circulant matrix with first row (000001011001011011001011111011001).
Using the above neighbor construction, we have found new extremal self-dual codes having weight enumerators for which extremal self-dual codes were not previously known to exist. For the new self-dual neighbors N (C, v), C, v, the weight enumerators W and the orders |Aut| of the automorphism groups are u0, u0, u0, u0, u0, u0, u1, u1, u1, u0, u1, u1, u2, u0, u1, u2, u2, u0, u5, u2, u4 v0, v0, v0, v0, v0, v0, v0, v1, v1, v1, v5, v0, v1, v1, v2, v2, v0, v1, v2, v2, v4 D2 u0, u0, u0, u0, u0, u0, 0, 0, u0, u0, 0, 0, u1, u0, 0, u0, u3, u0, u5, u2, u1 v0, v0, v0, v0, v0, v0, v0, 0, 0, 0, v5, v0, 0, 0, v0, v2, v0, v0, v1, v3, v1 D3 u0, u0, u0, u0, u0, u0, 0, 0, u0, u0, 0, 0, u1, u0, 0, u0, u3, u0, u0, u6, u5 v0, v0, v0, v0, v0, v0, v0, 0, 0, 0, v0, v0, 0, 0, v0, v6, v0, v0, v1, v3, v5 D4 u0, u0, u0, u0, u0, u0, 0, 0, u0, u0, 0, 0, u1, u0, 0, u0, u2, u0, u2, u3, u2 v0, v0, v0, v0, v0, v0, v0, 0, 0, 0, v2, v0, 0, 0, v0, v3, v0, v0, v1, v2, v2 D5 u0, u0, u0, u0, u0, u0, 0, 0, u0, u0, 0, 0, u1, u0, 0, u0, u2, u0, u3, u0, u3 v0, v0, v0, v0, v0, v0, v0, 0, 0, 0, v3, v0, 0, 0, v0, v0, v0, v0, v1, v2, v3 D6 u0, u0, u0, u0, u0, u0, 0, 0, u0, u0, 0, 0, u1, u0, 0, u0, u2, u0, u1, u2, u3 v0, v0, v0, v0, v0, v0, v0, 0, 0, 0, v1, v0, 0, 0, v0, v2, v0, v0, v1, v2, v3 D7 u0, u0, u0, u0, u0, u0 , 0, 0, u0, u0, 0, 0, u1, u0, 0, u0, u2, u0, u1, u5, u3 v0, v0, v0, v0, v0, v0, v0, 0, 0, 0, v1, v0, 0, 0, v0, v5, v0, v0, v1, v2, v3 D8 u0, u0, u0, u0, u0, u0, 0, 0, u0, u0, 0, 0, u1, u0, 0, u0, u2, u0, u2, u5, 0 v0, v0, v0, v0, v0, v0, v0, 0, 0, 0, v2, v0, 0, 0, v0, v5, v0, v0, v1, v2, 0 D9 u0, u0, u0, u0, u0, u0, 0, 0, u0, u0, 0, 0, u1, u0, 0, u0, u2, u0, u3, u2, u6 v0, v0, v0, v0, v0, v0, v0, 0, 0, 0, v3, v0, 0, 0, v0, v2, v0, v0, v1, v2, v6 D10 u0, u0, u0, u0, u0, u0, 0, 0, u0, u0, 0, 0, u1, u0, 0, u0, u4, u0, u1, 0, u2 v0, v0, v0, v0, v0, v0, v0, 0, 0, 0, v1, v0, 0, 0, v0, 0, v0, v0, v1, v4, v2 D11 u0, u0, u0, u0, u0, u0, u1, u1, u1, u0, u1, u1, u2, u0, u1, u2, u3, u0, u1, u2, u5 v0, v0, v0, v0, v0, v0, v0, v1, v1, v1, v1, v0, v1, v1, v2, v2, v0, v1, v2, v3, v5 listed in Table 5 where As described in Section , Tsai [12] constructed two codes with the weight enumerator W 2 . The two codes are denoted by T66 and T66 ′ in [12] . We remark that both T66 and T66 ′ are neighbors of D16. In fact, if v = (110101101110001000111011000001111 111101010111111100011010010010011)
then we find T66 = N (D16, v). 
